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LOWER BOUNDS ON ODD ORDER CHARACTER SUMS
LEO GOLDMAKHER AND YOUNESS LAMZOURI
Abstract. A classical result of Paley shows that there are infinitely many quadratic
characters χ (mod q) whose character sums get as large as
√
q log log q; this implies
that a conditional upper bound of Montgomery and Vaughan cannot be improved. In
this paper, we derive analogous lower bounds on character sums for characters of odd
order, which are best possible in view of the corresponding conditional upper bounds
recently obtained by the first author.
1. Introduction
In this paper we obtain lower bounds on the quantity
M(χ) := max
t
∣∣∣∣∣
∑
n6t
χ(n)
∣∣∣∣∣
for Dirichlet characters χ (mod q) of odd order. The study of character sums and
associated quantities such as M(χ) has been a central topic of analytic number theory
for a long time. The first result in this area, discovered independently by Po´lya and
Vinogradov in 1918, asserts that
M(χ)≪√q log q
holds uniformly over all characters χ (mod q). This bound has resisted any improve-
ment outside of special cases. However, conditionally on the Generalized Riemann
Hypothesis, Montgomery and Vaughan [MV1] were able to improve this to
M(χ)≪√q log log q.
For quadratic characters this is known to be optimal, thanks to an unconditional lower
bound due to Paley [Pa]. Furthermore, assuming the GRH, Granville and Soundarara-
jan [GS1] have extended Paley’s lower bound to characters of all even orders.
The story took an unexpected turn when Granville and Soundararajan discov-
ered that both the Po´lya-Vinogradov and the Montgomery-Vaughan bounds can be
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improved for characters of odd order. In [GS1], they showed that for all characters
χ (mod q) of odd order g > 3, there exists δg > 0 such that
M(χ)≪g √q(log q)1−δg+o(1)
unconditionally and
M(χ)≪g √q(log log q)1−δg+o(1)
conditionally on GRH. (Here o(1)→ 0 as q →∞.) After developing their ideas further,
Goldmakher [Go] showed that these bounds hold with
δg = 1− g
π
sin
π
g
.
Moreover, conditionally on GRH, he proved that this value is optimal. To be precise,
on GRH he showed that for any ǫ > 0 and any fixed odd integer g > 3, there exist
arbitrarily large q and primitive characters χ (mod q) of order g satisfying
(1.1) M(χ)≫g,ǫ √q(log log q)1−δg−ǫ.
The goal of the present article is to establish the same result unconditionally.
Recent progress on character sums was made possible by Granville and Soundarara-
jan’s discovery that M(χ) depends on the extent to which χ mimics the behavior of
other characters. To measure this mimicry, they introduced the symbol
D(χ, ψ; y) :=
(∑
p6y
1− Re χ(p)ψ(p)
p
)1/2
.
It turns out that this defines a pseudometric on the space of characters, and has a num-
ber of interesting properties; see [GS2] for an in-depth discussion. In [GS1], Granville
and Soundararajan derive a number of upper and lower bounds on M(χ) in terms of
D(χ, ψ; y), where ψ is a character of small conductor and opposite parity to χ (i.e.
χ(−1)ψ(−1) = −1). For example, they prove the following:
Theorem A (Theorem 2.5 of [GS1]). Assume GRH. Let χ (mod q) and ψ (mod m)
be primitive characters with ψ(−1) = −χ(−1). Then
M(χ) +
√
qm
φ(m)
log log log q ≫
√
qm
φ(m)
log log q exp
(−D(χ, ψ; log q)2) .
In this way, the problem of bounding M(χ) is translated into that of bounding
D(χ, ψ; log q). A consequence of Lemma 3.2 of [GS1] is that whenever χ (mod q) is a
primitive character of odd order g and ξ (mod m) is a primitive character of opposite
parity and small conductor (m 6 (log log q)A),
D(χ, ξ; log q)2 >
(
δg + o(1)
)
log log log q.
Goldmakher, using a reciprocity law for the gth-order residue symbol and the Chinese
Remainder Theorem, proved a complementary result:
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Theorem B ([Go], Section 9). Let g > 3 be a fixed odd integer. For any ǫ > 0 there
exists an odd character ξ (mod m) with m ≪ǫ 1 and an infinite family of primitive
characters χ (mod q) of order g such that
D(χ, ξ; log q)2 6 (δg + ǫ) log log log q.
Combining Theorems A and B produces the lower bound (1.1) on M(χ); conditionally,
since Theorem A is dependent on the GRH.
To prove (1.1) unconditionally, we derive an unconditional version of Theorem A.
Although we cannot prove a totally analogous theorem, in the case where χ is even we
are able to remove the assumption of GRH at a cost of an extra (log log log q)−1 factor:
Theorem 1. Let χ (mod q) be a primitive even character and ψ (mod m) be a prim-
itive odd character. Then
M(χ) +
√
q ≫
√
qm log log q
φ(m) log log log q
exp
(−D(χ, ψ; log q)2) .
Combining Theorem 1 with Theorem B, we deduce the desired lower bound.
Theorem 2. Let g > 3 be a fixed odd integer. There exist arbitrarily large q and
primitive characters χ (mod q) of order g such that
M(χ)≫g,ǫ √q(log log q)1−δg−ǫ,
where δg = 1− gπ sin πg .
2. The key lemmas
In this section, we prove two general results which will be the main ingredients in
the proof of Theorem 1, and might also be of independent interest.
Lemma 2.1. Let f be a multiplicative function such that |f(n)| 6 1 for all n > 1, and
let y be a large real number. Then
max
N6y
∣∣∣∣∣
∑
n6N
f(n)
n
∣∣∣∣∣+ 1log log y ≫ log ylog log y exp (−D(f, 1; y)2) .
Remark. This lemma is a generalization of Lemma 6.3 of [GS1], where y is a positive
integer and f is a primitive character modulo y. Note that in this special case the factor
(log log y)−1 can be removed from the RHS of the above inequality.
Proof. Let δ > 0 be a real number to be chosen later. Then∫ y
1
δ
t1+δ
∑
n6t
f(n)
n
dt =
∑
n6y
f(n)
n
∫ y
n
δ
t1+δ
dt =
∑
n6y
f(n)
n1+δ
− y−δ
∑
n6y
f(n)
n
.
4 LEO GOLDMAKHER AND YOUNESS LAMZOURI
Hence, using that
∫ y
1
δ
t1+δ
dt = 1− y−δ, we derive
(2.1)
∣∣∣∣∣
∑
n6y
f(n)
n1+δ
∣∣∣∣∣ 6 maxN6y
∣∣∣∣∣
∑
n6N
f(n)
n
∣∣∣∣∣ .
For Re(s) > 1, let F (s) =
∑∞
n=1 f(n)/n
s be the Dirichlet series of f . Then
F (1 + δ) =
∑
n6y
f(n)
n1+δ
+O
(∑
n>y
1
n1+δ
)
=
∑
n6y
f(n)
n1+δ
+O
(
1
δyδ
)
.
We choose δ = log log y/ log y, which yields
(2.2) F (1 + δ) =
∑
n6y
f(n)
n1+δ
+O
(
1
log log y
)
.
On the other hand, we obtain from the Euler product of F (s)
logF (1 + δ) =
∑
p
f(p)
p1+δ
+O(1) =
∑
p6e1/δ
f(p)
p1+δ
+O(1) =
∑
p6e1/δ
f(p)
p
+O(1).
Therefore, we get∣∣∣∣∣log |F (1 + δ)| −
∑
p6y
Ref(p)
p
∣∣∣∣∣ 6
∑
e1/δ<p6y
1
p
+O(1) = log log log y +O(1)
which implies
|F (1 + δ)| ≫ log y
log log y
exp
(−D(f, 1; y)2) .
The lemma follows upon combining this last estimate with (2.1) and (2.2). 
Our second lemma is inspired by Paley’s approach in [Pa]. Recall that the Feje´r
kernel, defined by
FN(θ) :=
∑
|n|6N
(
1− |n|
N
)
e(nθ),
where e(t) = e2πit, satisfies
FN(θ) =
1
N
(
sin(πNθ)
sin(πθ)
)2
> 0 and
∫ 1
0
FN(θ)dθ = 1.
Using these properties of the Feje´r kernel, we establish the following lemma:
Lemma 2.2. Let {a(n)}n∈Z be a sequence of complex numbers with |a(n)| 6 1 for all
n, and let x > 2 be a real number. Then
max
θ∈[0,1]
max
16N6x
∣∣∣∣∣∣
∑
16|n|6N
a(n)
n
e(nθ)
∣∣∣∣∣∣ = maxθ∈[0,1]
∣∣∣∣∣∣
∑
16|n|6x
a(n)
n
e(nθ)
∣∣∣∣∣∣ +O(1).
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Proof. To establish the result, we only need to prove the implicit upper bound, since
the implicit lower bound holds trivially. Let α ∈ [0, 1], and 1 6 N 6 x. First, note that∑
16|n|6N
a(n)
n
e(nα) =
∑
16|n|6N
a(n)
n
e(nα)
(
1− |n|
N
)
+O(1).
Moreover, we have∑
16|n|6N
a(n)
n
e(nα)
(
1− |n|
N
)
=
∑
16|n|6x
a(n)
n
e(nα)
∑
|m|6N
(
1− |m|
N
)∫ 1
0
e(mθ)e(−nθ)dθ
=
∫ 1
0

 ∑
16|n|6x
a(n)
n
e
(
n(α− θ))

FN(θ)dθ.
Thus, we obtain∣∣∣∣∣∣
∑
16|n|6N
a(n)
n
e(nα)
∣∣∣∣∣∣ 6 maxθ∈[0,1]
∣∣∣∣∣∣
∑
16|n|6x
a(n)
n
e(nθ)
∣∣∣∣∣∣ +O(1).
Since α and N were arbitrary the result follows. 
3. Proof of Theorem 1
Given a primitive character χ (mod q), recall Po´lya’s fourier expansion [MV2]:∑
n6t
χ(n) =
τ(χ)
2πi
∑
16|n|6q
χ(n)
n
(
1− e
(
−nt
q
))
+O(log q),
where
τ(χ) :=
∑
b (mod q)
χ(b)e(b/q),
is the Gauss sum. It follows that if χ is even,∑
n6t
χ(n) = −τ(χ)
2πi
∑
16|n|6q
χ(n)
n
e
(
−nt
q
)
+O(log q),
and therefore we get in this case
(3.1) M(χ) + log q ≫ √q max
θ∈[0,1]
∣∣∣∣∣∣
∑
16|n|6q
χ(n)
n
e(nθ)
∣∣∣∣∣∣ .
Proof of Theorem 1. First, we infer from Lemma 2.2 that
(3.2) max
θ∈[0,1]
∣∣∣∣∣∣
∑
16|n|6q
χ(n)
n
e(nθ)
∣∣∣∣∣∣ = maxθ∈[0,1]maxN6q
∣∣∣∣∣∣
∑
16|n|6N
χ(n)
n
e(nθ)
∣∣∣∣∣∣ +O(1).
Now, using that ∑
b (mod m)
ψ(b)e(bn/m) = ψ(n)τ(ψ),
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for all integers n (since ψ is primitive, see for example [Da]) we get
∑
b (mod m)
ψ(b)

 ∑
16|n|6N
χ(n)
n
e
(
nb
m
) = ∑
b (mod m)
ψ(b)
(∑
n6N
χ(n)
n
(
e
(
nb
m
)
− e
(−nb
m
)))
= 2τ(ψ)
∑
n6N
χ(n)ψ(n)
n
,
since ψ(−1) = −1. We therefore obtain
max
θ∈[0,1]
∣∣∣∣∣∣
∑
16|n|6N
χ(n)
n
e(nθ)
∣∣∣∣∣∣≫
√
m
φ(m)
∣∣∣∣∣
∑
n6N
χ(n)ψ(n)
n
∣∣∣∣∣ .
Combining this estimate with (3.1) and (3.2) we deduce
M(χ) +
√
q ≫
√
qm
φ(m)
max
N6q
∣∣∣∣∣
∑
n6N
χ(n)ψ(n)
n
∣∣∣∣∣ .
Finally, appealing to Lemma 2.1 we find
max
N6q
∣∣∣∣∣
∑
n6N
χ(n)ψ(n)
n
∣∣∣∣∣+1 > maxN6log q
∣∣∣∣∣
∑
n6N
χ(n)ψ(n)
n
∣∣∣∣∣+1≫ log log qlog log log q exp (−D(χ, ψ; log q)2) ,
which completes the proof. 
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